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We investigate the effect of sliding motion of layers in Moire´ heterostructures on the electronic state. We show
that the sliding Moire´ heterostructure can generate nontrivial topology characterized by the first and second
Chern number in the high dimensional manifold spanned by the physical dimensions and synthetic dimensions
associated with the sliding displacement. The nontrivial topology implies a topological charge pumping caused
by the sliding motion. We demonstrate the nontrivial topology and charge pumping explicitly in a one dimen-
sional bi-chain model and the small-angle twisted bilayer graphene. Contrary to the conventional belief that the
interlayer sliding in incommensurate Moire´ Heterostructures does not affect the electronic structure, our results
reveal that the sliding motion can generate nontrivial topology dynamically and hence cannot be neglected in
the dynamical process.
The Moire´ heterostructure (MH) obtained by stacking two
dimensional (2D) materials have attracted considerable inter-
est recently. The Moire´ pattern emerges when the underlying
2D materials have different lattice constants or twisted crystal
orientations, and results in a periodic spatial modulation. [1–
4] The Moire´ potential with modulation period much larger
than the atomic lattice constant has profound effect on the
single electron band structure. For example, the kinetic en-
ergy of electrons can be quenched significantly by interlayer
twisting which effectively enhances the correlation between
electrons [5, 6]. As a consequence, novel quantum states en-
abled by strong correlation can be stabilized in MHs. Recently
superconductivity, correlated insulator, and quantum anoma-
lous Hall state have been observed in magic-angle twisted
graphene multilayers [7–17].
Interlayer twisting and sliding are two internal degrees of
freedom in MHs. Especially in the incommensurate MHs, the
translational motion of one layer with respect to the other lay-
ers does not cost energy and is a Goldstone mode. The rigid
sliding displacement shifts the Moire´ pattern and is expected
not to change the electronic band structure for incommensu-
rate MHs [6]. Hence it is usually neglected in studying the
electronic properties of MHs.
In this paper we point out that the sliding of the layer in
MHs has dynamical effects on the electronic structure. We
show that the sliding displacement configures synthetic di-
mensions with which the Hamiltonian manifold is transcen-
dent to higher dimensions. For example, the effective dimen-
sion of sliding 1D (2D) MHs becomes two (four) after in-
cluding the synthetic dimensions associated with the sliding
displacement in 1D (2D) real space. In the high dimensional
manifold, the nontrivial topology can be generated dynami-
cally even though the electronic state is topologically trivial
in real dimensions. The topology of the electronic state is
characterized by the first (second) Chern number defined in
the 2D (4D) manifold. Because the Chern numbers associated
with the synthetic dimension are generated dynamically, we
call them dynamical Chern number (DCN) to be distinct from
the conventional Chern number defined in real dimensions.
Due to the nontrivial topology, there is topological pumping
of electrons during the sliding motion of layers which can be
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FIG. 1. Schematic setup for measuring the topological pumping in
sliding bi-chain (a) and sliding twisted bilayer graphene (b).
measured in the setup sketched in Fig. 1.
We consider two MHs, the 1D bi-chain model and the
small-angle twisted bilayer graphene (TBG), to illustrate the
nontrivial topology generated by interlayer sliding. In the bi-
chain model, electrons hopping on two coupled 1D chains
whose lattice constants are al (where l = 1, 2 for the top and
bottom chain) are described by
H = −
∑
〈i j〉,l
tc†i,lc j,l +
∑
i, j
[
ti j(u1 − u2)c†i,1c j,2 + H.c.
]
, (1)
where u1 (u2) is the sliding distance of the top (bottom)
chain. Here the first term describes the nearest neighboring
intrachain hopping and the last term is the interchain tunnel-
ing. The tunneling strength is assumed to be ti j(u1 − u2) =
t′e−|ri,1+u1−r j,2−u2 |/λ with ri,l being the position of the i-th site of
the l-th chain without sliding. The sliding motion is much
slower than the typical electronic dynamics, therefore can be
regarded as an adiabatic process. Sliding one chain by its lat-
tice constant does not change the system. Therefore H is
a periodic function of ul with period al. This can be seen
clearly by representing the interchain tunneling in the ba-
sis of Bloch states ck,l = 1√Nl
∑
j e−ik(r j,l+ul)c j,l as
∑
i, j ti j(u1 −
u2)c
†
i,1c j,2 =
1√
a1a2
∑
G1,G2,q t
′
qe
i(G1u1+G2u2)c†q−G1,1cq+G2,2, where
t′q is the Fourier transform of ti j(u1 − u2) and Gl (Nl) is the
reciprocal wavevector (number of sites) of the l-th chain. Be-
cause H has different periods when sliding different chains,
the resulting topology is also different for shifting different
chains. To facilitate the discussion, we slide the top chain
only with u1 = u and u2 = 0 in the following (see Fig. 1(a)).
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FIG. 2. Energy spectrum of the incommensurate bi-chain model (a)
and commensurate bi-chain model (b). (c) The spin texture of S(k, u)
for the effective Hamiltonian of bi-chain model Eq. (3). The arrows
represent the direction of in-plane components and the color (with
red for positive and blue for negative) stands for the z component of
S(k, u). (d) The currents in the top chain (red line) and bottom chain
(blue line) for the sliding bi-chain model.
To be concrete, we consider the case where the bottom
chain is infinitely long while the top chain is finite and is
much longer than the lattice constant. We treat the bottom
chain as substrate and apply periodic boundary condition to it
in the calculation. Now the bi-chain model has the symme-
try H(u) = H(u + a2). To explore how the slide of the top
chain changes the electronic states, we study the electronic
spectrum as a function of u. Here we fix a1/a2 =
√
5− 1 such
that the two chains are incommensurate in general and form
a Moire´ pattern with the period of aM = a1a2/|a1 − a2|. For
t′ = 0.8t and λ = 0.5a2, the electronic spectrum is shown in
Fig. 2(a). Apparently, there are bulk energy gaps and edge
states traversing the gaps that exhibits the signature of topo-
logical insulator. The edge states are localized at the two ends
of the top chain and its appearance depends on u. To charac-
terize the nontrivial topology, we employ the twisted bound-
ary condition to the top chain ci+N1,1 = e
iξci,1 where ξ varies
from 0 to 2pi [18]. Here (ξ, u) spans a compact 2D mani-
fold and the DCN is defined as Cµν = 12pi
∑
En≤EF
∫
dξduΩµνn
where Ωµνn = i 〈∂νφn|∂µφn〉 − i 〈∂µφn|∂νφn〉 is the Berry curva-
ture, |φn〉 is the eigenstate of the n-th band with eigen energy
En, and µ, ν = ξ, u in this case. For the Fermi energy in the
top (bottom) bulk energy gap in Fig. 2(a), the Chern number
is Cξu = 1 (−1) that is consistent with the number of pairs of
edge states.
To gain further insights into the topological nature of the
sliding bi-chain model, we consider a simplified version by
setting a1/a2 = 1 and introducing a staggered on-site potential
∆i,2 = (−1)i∆ to the bottom chain. The staggered potential
doubles the period of the systemH(u) = H(u+ 2a2) and each
unit cell contains four different sites. The Hamiltonian is
H =
(
h1(k) T (k, u)
T †(k, u) h2(k)
)
, (2)
where h1(k) = −2t cos(ka2)σx and h2(k) = −2t cos(ka2)σx +
∆σz are for the top and bottom chains, respectively. The inter-
chain coupling is Tαβ = 12a2
∑
G eiG(δα+u−δβ)t′k+G where α and β
denote different sublattices with the internal position δα and δβ
in a unit cell. The electronic spectrum in this case for ∆ = 0.4t
and t′ = 0.5t is shown in Fig. 2(b) in which the topological
edge states emerge around E = 0. The staggered potential
gaps out the electronic states near E = 0 of the bottom chain.
This allows us to treat the second chain as a perturbation to
the first chain for a weak interchain coupling near E = 0. The
effective Hamiltonian for the top chain becomes
H1(k, u) = h1(k) − T (k, u)h−12 (k)T †(k, u) = E0 + S · σ, (3)
which is a 2 × 2 matrix expressed in terms of Pauli matrices
σ acting on sublattice space. The texture of the S vector is
displayed in Fig. 2 (c) with nontrivial topology characterized
by the skyrmion number C = 14pi
∫
dkduS · (∂kS × ∂uS) = −1
[19], which is equivalent to the DCN and consistent with the
one calculated using the twisted boundary condition.
The 1D bi-chain model clearly demonstrates the sliding
motion generates nontrivial topology. We next turn to the
TBG system, which is more relevant to experiments.
In TBG, the single-particle band structure at a small twisted
angle can be described satisfactorily by a continuum model
[6, 20]. In this model, only the electronic state near the Dirac
cones of two graphene layers and the small momentum trans-
fer between layers due to the smooth Moire´ potential are con-
sidered. Generally, the MH is not exactly periodic. However,
the atomic-scale incommensurability is neglected in the con-
tinuum model because of the lattice relaxation and fast decay
of tunneling amplitude with momentum transfer. Thus the in-
terlayer coupling potential can be expanded to the lowest or-
der respecting the Moire´ pattern symmetry. Here we employ
the continuum model to describe the TBG as [6]
Hτ =
(
h1,τ(k) Tτ(r,u)
T †τ (r,u) h2,τ(k)
)
, (4)
where τ = ± is the valley index and H± are related by time-
reversal symmetry (TRS). hl,τ(k) is the low-energy effective
Dirac Hamiltonian of the l-th layer graphene and at the τK
valley. Under the twist that the bottom (top) layer is rotated
by θ/2 (−θ/2), the Dirac Hamiltonian becomes
hl,τ(k) = R(±τθ/2)~vF(k − τKl) · στR(±τθ/2)−1, (5)
where R(θ) = e−iθσz/2 is the rotation operator and στ =
(τσx, σy) is the Pauli matrix acting on sublattice space. Here
±θ/2 are respectively for l = 1, 2 and Kl are the corners of
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FIG. 3. (a) Brillouin zones for the top layer graphene (red), bot-
tom layer graphene (blue), and Moire´ superlattice (black). (b) Band
structure of the magic-angle TBG with sublattice potential (red solid
line) and without sublattice potential (blue dashed line) along the
high symmetry path in the MBZ. (c) Chern numbers as a function of
the twist angle θ. The bottom to top panels correspond to the Fermi
energy in the three band gaps from bottom to top in (b).
Moire´ Brouillon zone (MBZ) as shown in Fig. 3(a). The in-
terlayer tunneling is described by
Tτ(r,u) = T (0)τ + e
−iτ(b·r+G1·u)T (1)τ + e
−iτ(b′·r+G′1·u)T (2)τ ,
T (n)τ = wAAσ0 + wAB cos
(
2pin
3
)
σx + τwAB sin
(
2pin
3
)
σy,
(6)
where b (b′) and G1 (G′1) are the primitive reciprocal lattice
vectors of the MBZ and of the top layer graphene BZ, respec-
tive (see Fig. 3(a)). Due to the lattice relaxation, the inter-
layer distance at AA stacking regions is larger than that at AB
stacking regions. Thus there are two different interlayer tun-
neling strengths wAA = 79.7 meV and wAB = 97.5 meV [21].
The Fermi velocity is ~vF/a = 2.1354 eV where a = 0.246
nm is the lattice constant of single layer graphene. u is the
sliding displacement of the top layer with respect to the bot-
tom layer, which causes shift of the Moire´ pattern. Therefore
shifting u does not change the electronic band structure. The
phase factor associated with u in Eq. (6) can be gauged away
by changing the basis for the bottom layer |k〉 → exp(iϕk) |k〉
with ϕk = nG1 · u + mG′1 · u and m, n are integers [6]. How-
ever, for sliding TBG with fixed gauge for the basis, the u
dependent phase should be kept.
The band structure of TBG with the magic angle θ = 1.05◦
and of the K valley is shown in Fig. 3(b) where there are two
flat bands (without considering the degenerate spin degree of
freedom) near the Fermi energy and touching at the MBZ cor-
ners due to the C2T and C3 symmetries [22]. Here Cn and
T are the n-fold rotation and time-reversal operators. The flat
bands are well separated from remote bands due to lattice re-
laxation. They can be gapped by breaking the C2 symmetry,
i.e. by placing TBG on hexagonal boron nitride (hBN) sub-
strate. The hBN substrate induces a sublattice potential ∆AB
on the bottom layer graphene that results in gapped flat bands
as shown in Fig. 3(b) for ∆AB = 30 meV. In this case, the flat
bands have nonzero Chern numbers C = ±1 for the top and
bottom flat bands, respectively [23]. The flat bands of the −K
valley have opposite Chern numbers due to the TRS. When
there is a valley polarization due to interaction, the TRS is
spontaneously broken, which results in quantized anomalous
Hall effect, and has been observed experimentally [16, 17].
The nontrivial topology of flat bands can be tuned by chang-
ing the twist angle θ. Here we focus on a small range of θ
around the magic angle where the continuum model is valid,
the Chern numbers for the Fermi energy in the three band gaps
(from bottom to top) in Fig. 3(b) are shown in Fig. 3(c) (bot-
tom to top panels). Apparently, there is a jump of Chern num-
bers from −1 to 0 for the Fermi energy in the top and bottom
gaps at a critical angle θc = 0.98◦. However, for the Fermi
energy in the middle gap, the Chern number is fixed at −1.
From the change of the three Chern numbers, we can infer:
1) for θ > θc, the Chern numbers for the remote bands below
bottom gap is 0 while for the flat bands are ±1; 2) for θ < θc,
the Chern number for the remote bands is −1 while for the flat
bands are 0.
Now we consider the sliding of the top layer graphene by
u as shown in Fig. 1(b). Because the Hamiltonian Eq. (4) is
a periodic function of both k and u, the sliding TBG resides
on a compact 4D manifold spanned by (kx, ky, ux, uy). The
effective BZ in the 4D space and its projection onto the or-
thogonal kx-ky plane and ux-uy plane are schematically shown
in Fig. 4(a). In the ux-uy plane, the effective projected BZ
is just the unit cell of top layer graphene. In the compact
4D manifold, the DCN can be defined on arbitrary 2D hy-
perplanes associated with synthetic dimensions. Without loss
of generality, we slide the top layer graphene along the u1 di-
rection defined in Fig. 4(a) and the DCN Ckxu1τ (for τK valley)
is defined in the kx-u1 plane. To study the interplay between
twisting and sliding, Ckxu1+ as a function of the twist angle θ
is shown in Fig. 4(b). Here the blue, black, and red lines
are respectively for the Fermi energy in the bottom, middle,
and top band gaps in Fig. 3(b). The nontrivial topology mani-
fested by the nonzero DCNCkxu1+ = ±1 for the Fermi energy in
the bottom and top gap is independent of θ within the range.
Moreover, we find DCN Ckxu1+ = C
kxu1− . To understand this,
we analyze the relation between Berry curvatures in two val-
leys. The Hamiltonian for the opposite valley is related by
time reversal operation H+(k,u) = TH−(−k,u)T −1 where
T = K is the complex conjugation operator. Then its eigen-
values and wavefunctions follow E+,n(k,u) = E−,n(−k,u)
and φ+,n(k,u) = φ∗−,n(−k,u). Therefore the Berry curvature
obeys Ωkxky+,n (k,u) = −Ωkxky−,n (−k,u) according to the definition.
This is the reason why the Chern number in the kx-ky plane
changes sign for the opposite valleys. Interestingly, the Berry
curvatures associated with synthetic dimension in the plane
spanned by (kµ, uν) follows Ω
kµuν
+,n (k,u) = Ω
kµuν
−,n (−k,u) that
yields Ckµuν+ = C
kµuν
− . Moreover, due to incommensurate na-
ture of the MH, the Berry curvature is dispersionless against
u as shown in Fig. 4(d).
The DCN follows an addition rule that is, for the top layer
graphene sliding along the lattice vector uν = mu1 + nu2, the
Chern number is Ckµuντ = mC
kµu1
τ + nC
kµu2
τ . This is because
|∂uνφτ,n〉 = |∇φτ,n〉 ·uν and hence Ωkµuντ,n = mΩkµu1τ,n + nΩkµu2τ,n . Ac-
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FIG. 4. Schematic 4D BZ and its projection onto the kx-ky and ux-uy
planes. The DCN Ckxu1+ (b) and the second Chern number C2,+ (c) as
a function of the twist angle θ. The blue, black, red lines correspond
the Fermi energy in the bottom, middle, top gaps in Fig. 3(b). (d)
The Berry curvature Ωkxu1+ for the lower flat band and with ky = 0. (e)
The DCN Ckxu1+ as a function of Fermi energy EF .
cording to the addition rule, the DCN for the graphene layer
sliding along arbitrary direction can be obtained from Ckµu1τ
and Ckµu2τ .
The topological property of the 4D manifold is character-
ized by the second Chern number
C2,τ =
1
4pi2
∑
En≤EF
∫
dkxdkydu1du2F
kxkyu1u2
τ,n , (7)
where Fkxkyu1u2τ,n = Ω
kxky
τ,n Ω
u1u2
τ,n + Ω
kxu1
τ,n Ω
u2ky
τ,n + Ω
kxu2
τ,n Ω
kyu1
n [24].
The second Chern number C2,+ as a function of θ is displayed
in Fig. 4(c). C2,+ for the Fermi energy in the bottom to top
gaps in Fig. 3(b) are respectively 1, 0, and 1 and independent
of θ. Moreover we find C2,+ = C2,− because F
kxkyu1u2
τ,n (k,u) =
Fkxkyu1u2τ,n (−k,u) with Ωu1u2+,n (k,u) = −Ωu1u2−,n (−k,u). We remark
that a nonzero DCN does not require to open a gap between
the flat bands.
The nontrivial topology generated dynamically can be mea-
sured through the electronic response of MHs to the sliding
motion. The dynamics of electron due to the sliding (and with-
out electromagnetic field) follows the semi-classical equation
of motion
r˙µτ,n =
∂Eτ,n(k,u)
~∂kµ
− u˙νΩµντ,n(k,u), (8)
where rµτ,n is the center of mass of the electronic wave packet
[25, 26]. The current induced by the sliding motion is
jµ = e
∑
En≤EF ,τ
∫
dDk
(2pi)D
u˙νΩ
µν
τ,n(k,u), (9)
where D is the real dimension of the system. The contribution
from the group velocity in Eq. (8) vanishes because the dis-
persion E±,n of the two valleys are related by TRS. Thus the
current is purely from the nontrivial Berry curvature generated
by the sliding. The quantized topological charge pumping can
be measured by integrating the current over a period of time
of the sliding motion
qµ = e
∑
En≤EF ,τ
∫
dDkduν
(2pi)D
Ω
µν
τ,n = e
∑
τ
∫
dD−1k
(2pi)D−1
Cµντ . (10)
The contributions from the two valleys are identical for TBG.
We calculate explicitly the current Il = −iet/~〈c†i+1,lci,l −
c†i+1,lci,l〉 through a bond in the bi-chain model by solving the
time dependent Schro¨dinger equation with the Fermi energy
fixed in the band gap in Fig. 2(b). Here we shift the top chain
adiabatically as u = vt with the velocity v = a2t/50~. Cur-
rent generated by the sliding in both chains are shown in Fig.
2(d). The current in the bottom chain is almost 0, while there
is a net current in the top chain as expected. By integrating
the current over one period, the pumped charge is −1.08e that
agrees with the DCN. When the MH is metallic, the Chern
number is not quantized but the topological pumping persists.
For example, the DCN Ckxu1+ as function of the Fermi energy
EF for the magic-angle TBG is displayed in Fig. 4(e). When
EF cuts the flat bands in the shadowed regions, the DCN is
fractional, which indicates that the number of pumped charge
in one period of sliding is not quantized to integers. The non-
linear Hall response due to the nonzero C2,τ can be possibly
induced by shearing the MHs. [26]
To summarize, we show that nontrivial topology is gener-
ated dynamically by interlayer sliding in MHs. The nontriv-
ial topology is characterized by the first and second Chern
numbers in the high dimensional manifold associated with
the synthetic dimensions induced by the sliding. The inter-
play between the Chern numbers and twist angle shows that
even though the electronic state is topologically trivial in real
dimensions, it can acquires a nonzero DCN in the synthetic
dimensions. Due to the nontrivial topology, there is topolog-
ical pumping caused by the sliding motion that can be used
to measure the DCN. The sliding bi-chain model can possibly
be realized in the double-wall carbon nanotube [27], while the
dynamical control of twisting and sliding in 2D MHs has al-
ready been achieved in experiments [28]. The sliding MHs
thus provide a new platform to study dynamically generated
topology. [29–35]
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